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Publisherôs Note 
Financial Analysts Journal  60:4 (July/August 2004) included the paper óMultiperiod Arithmetic 

Attributionô (Menchero, 2004).  That paper compared three different multiperiod attribution 

methods, including the ñnotional portfolio methodò (a.k.a. the ñexact methodò). 

 

This paper responds to some of the arguments presented by Menchero, and offers a different 

perspective on several of the issues he raises. 

 

This paper is published exclusively by CompoundingHappens.comÊ.  We are pleased to present 

these ideas in the interest of advancing the field of knowledge in performance attribution. 

Abstract  
Performance attribution seeks to explain the value added in an investment portfolio.  Methods for 

calculating attributes over multiple periods fall into two main approaches.  The first approach 

applies scaling factors to single-period attributes in order to obtain multiple-period attributes with 

no residual.  The second approach is based on the fact that sector attribution is defined as a process 

of comparing returns for notional portfolios, and it works by compounding those notional returns. 

 

Menchero (2004) used two examples as a basis for arguing that his optimized method (which uses 

scaling factors) provides a sound approach for calculating attribution over multiple periods.  The 

present paper re-examines those examples, and advances arguments for why the notional portfolio 

approach could be considered a better solution to the problem. 

 

The chief argument for the notional portfolios approach is that it simply uses an exact process of 

return compounding to directly calculate multiple period attributes.  On the other hand, the scaling 

methods produce results that are inconsistent with the arithmetic of compounding. 

 

Comparing the results from these different approaches, we encounter interesting questions about the 

intuitiveness of compounding, the concept of interaction, the problem of calculating sector level 

attributes, and the question of whether Mencheroôs principles of ñmetric preservationò and intuitive 

canceling out are indeed consistent with the arithmetic of return compounding. 
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Introduction  
Menchero (2004) provided an insightful viewpoint on many aspects of the present debate about 

multiple period arithmetic attribution.  The present paper responds to some of the issues raised by 

Menchero, providing another viewpoint. 

 

As Menchero indicates, the question of how to calculate attribution results over multiple periods is 

very relevant to plan sponsors, investment managers, and others who have an interest in 

understanding how the active bets made within a fund have caused it to perform differently from its 

benchmark.  In principle, one can use attribution to analyze a single dayôs performance.  However, 

time intervals such as 12 months or 36 months are more relevant to understanding a managerôs 

investment style and level of skill.  To adequately capture the impact of events over a time interval 

of this length, one needs to assemble a set of portfolio and benchmark information for shorter 

periods (e.g. days, weeks, or months), and then combine all this information over the entire analysis 

period.  This process of combining data over time is known as the problem of multiple period 

attribution. 

Compounding and Active Returns 
Compounding is the basic principle that has long been used for calculating the cumulative effect of 

investment returns over multiple periods.  To give a simple example, if a fundôs return in each of 

two periods is 10%, the combined effect over two periods is 21%.  While compounding ï like all 

other calculations ï is to some extent a matter of convention, there is a powerful intuition behind 

compounding.  If the initial capital at stake was $100, this would grow to $110 over one period, and 

$121 over two periods.  Thus, there is a strong link between the concepts of return compounding, 

and cumulative value. 

Value Added 

Value added is another basic and important principle.  If the benchmark return was 4% when the 

portfolio return was 10%, one would say that the value added by the investment manager was 6%.  

This corresponds to the fact that the final value of a $100 investment would have been $104 under 

the benchmark return, whereas in fact it was $110, leaving a difference of exactly $6.  Once again, 

this calculation could be said to be a matter of convention, but the convention does clearly relate 

back to dollars and cents. 

 

In geometric attribution (where one looks at value compounded rather than value added), the active 

return would be 5.77%, rather than 6%, since ( )( ) %77.5%41%101 =++ .  Hence, the arithmetic 

concept of value added is considered by many to be more intuitively appealing, since it relates more 

clearly to dollars and cents. 

A Blind Alley  

However, there are limits to the power of intuition.  Over a single period, 4% of benchmark return 

and 6% of value added combine into a total return of 10%.  However, over two periods, the 

compounded portfolio return is 21%, and the benchmark return is 8.16%, leaving a value added of 

12.84%.  These percentages all correspond back to dollar amounts (for a fund whose initial value 

was $100).  So far so good.  But it is a blind alley to attempt calculating the two-period value added 

from the single period number of 6%.  Among many possible methods, one could add (obtaining a 

result of 12%), or one could compound (obtaining a result of 12.36%).  However, both these 

numbers differ materially from 12.84% (the correct result for value added).  In the absence of any 

compelling reason, it seems fruitless at best to head down the blind alley of using single period 

value added measurements in order to calculate value added over multiple periods. 
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These basic concepts (compounding, value added, and the problem of the blind alley) sit at the heart 

of the problem of calculating arithmetic performance attribution. 

Intuitiveness 
Menchero proposed that a good solution to the multiperiod attribution problem should have three 

qualitative characteristics: 

1. Intuitiveness.  The results should accord with a reasonable personôs intuition. 

2. Transparency.  The method for calculating the results should be open to public scrutiny. 

3. Robustness.  The calculation should not be unstable in the sense that it normally produces 

reasonable results, but occasionally produces unreasonable results.  For example, in his 

Appendix A, Menchero presents evidence that the method proposed by Campisi (2002/2003) 

will produce ñspurious sign flipsò in about 2% of cases.  A spurious sign flip takes place when 

some of the attributes should be positive and some should be negative, but in fact the 

multiperiod results come out with signs reversed. 

 

It is hard to see how these three qualitative  characteristics could not be desirable.  However, it can 

be difficult in practice to make judgments about them, particularly when it comes to deciding what 

is intuitive.  Intuition depends upon oneôs assumptions, knowledge, preferences, and beliefs.  

Hence, a principle that seems intuitively convincing to one person may not be persuasive to another 

person.  In this way, intuition can be a useful, but not infallible, guide toward the truth. 

 

To take an unrelated example, in everyday life, it seems intuitive that the sun revolves around the 

earth.  However, a modern scientific view of the world (the heliocentric theory) says that the earth 

and the other planets revolve around the sun.  Even though the heliocentric view is widely accepted 

as true, it is not intuitive for many people.  

 

A much closer example concerns compounding and value added.  To someone familiar with 

investment performance calculations, the arithmetic involved in compounding may seem intuitive, 

obvious, and simple.  However, to many people, it is far from intuitive.  Consider the previous 

example, where a fund outperformed its benchmark by 6% in a single period.  By how much would 

it outperform over two identical periods?  Many people, when asked this question, may not consider 

whether the answer depends upon the benchmark return.  As we have seen, when the benchmark 

return is 4%, the correct answer is clearly 12.84%.  But if the benchmark return was 14%, the value 

added over two compounded periods would be 14.04% (since 44% - 29.96% = 14.04%).  This is a 

mathematical truth, but many people may not find it intuitive.  

 

Consider one last example of unintuitive compounding and value-added.  Suppose the benchmark 

return is 0.4% in one period, and 16.8% in the next.  Suppose we discover a sure-fire investment 

technique that will subtract 200 bps of performance in the first period, but add 200 bps of 

performance in the second period.  What will this sure-fire technique do for our compound portfolio 

performance over both periods combined?  In fact, arithmetic shows us that this technique will cost 

the portfolio 37 basis points of performance.  The value-added certainly doesnôt cancel out, even 

though we might expect it to.  This result will help us to make sense of the way that the cumulative 

value added in Table 2 is 37 basis points less than the cumulative value added in Table 1.  It will 

also suggest that Mencheroôs notion of ñintuitive canceling outò is simply not consistent with the 

way compounding works. 

 

It is reasonable to demand that a proposed solution is intuitive before we consider it good.  

However, as we will see, some of the concepts described by Menchero as ñintuitiveò seem to be 

inconsistent with the principle of compounding. 
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Value Added in Funds With No Active Sector Allocation 
Before actually looking at some attribution calculations, let us look simply at some compounding 

calculations, to explore whether or not they are intuitive. 

 

We are going to examine the portfolio and benchmark returns for four examples that are like 

Mencheroôs Example 1 and Example 2, except that the portfolio returns have been altered by 

constraining them so there is only one source of value added.  Appendix 1 explains in detail how 

the total-level portfolio returns in  Table 1 and Table 2 were derived from Mencheroôs Example 1. 

 

In Table 1, we consider a portfolio that is the same as Mencheroôs Example 1, except that the 

investment mandate constrains the fund manager from making active sector allocation bets.  To 

implement such a constraint, one would simply need to hold each asset class at benchmark weight 

at the start of each performance period
1
. 

 

Table 1: Mencheroôs Example 1 (Subject to the Constraint of no Active Sector Allocation) 

  Portfolio  

Weight 

 Benchmark 

Weight 

 Portfolio  

Return 

Benchmark 

Return 

Value  

Added 

Period 1      

Large Cap 20.00% 20.00% 0.00% 10.00%  
Mid Cap 35.00% 35.00% 18.00% 18.00%  
Small Cap 45.00% 45.00% 2.00% 2.00%  

Total 100.00% 100.00% 7.20% 9.20% -2.00% 

Period 2      

Large Cap 20.00% 20.00% 6.00% 5.00%  
Mid Cap 30.00% 30.00% 11.50% 11.50%  
Small Cap 50.00% 50.00% 9.50% 9.50%  

Total 100.00% 100.00% 9.40% 9.20% 0.20% 

Period 3      

Large Cap 20.00% 20.00% 10.00% 0.00%  
Mid Cap 30.00% 30.00% 6.50% 6.50%  
Small Cap 50.00% 50.00% 14.50% 14.5%  

Total 100.00% 100.00% 11.20% 9.20% 2.00% 

      

Compounded   30.41% 30.22% 0.19% 
 

The calculations in Table 1 are simply weighted sums (for obtaining the total-level returns from the 

sector-level returns and weights), and compounding (for obtaining the multiple-period returns).  

 

In accordance with the ñNo Active Sector Allocationò mandate, the portfolio weights and 

benchmark weights in Table 1 have identical values.  Because these new portfolio sector weights in 

Table 1 differ from the portfolio sector weights in Mencheroôs Example 1, the total level portfolio 

returns (and hence the value added) are also different.  In other words, the performance we see in 

Table 1 is for a portfolio that differs from Mencheroôs Example 1 only because active sector 

allocation has been eliminated as a source of value added. 

 

Using the method that we confirmed as correct earlier in this paper, the bottom line of Table 1 

shows the portfolio return and benchmark return compounded over three periods, and then the 

cumulative value-added, taken as the difference between compounded portfolio return and 

compounded benchmark return. 
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Compound Returns in Mencheroôs Example 2 

As we suggested earlier, a perhaps unintuitive aspect of investment performance analysis is that one 

cannot easily calculate the value added over multiple periods using solely as inputs the single-

period numbers for value added.  Specifically, the correct result also depends on the benchmark 

returns. 

 

This concept is demonstrated by Table 2.  This fund is similar to Mencheroôs Example 2, except 

that, once again, the portfolio sector weights have been held equal with the benchmark sector 

weights, to reflect a mandate that prohibits active sector allocation.  

 

For each sub-period 1-3, the value added in Table 1 was identical to the value added in Table 2.  

However, due to compounding, the overall value added over three periods in Table 1 is quite 

different from Table 2 (positive 19 basis points, compared with minus 18 basis points).  Even 

though the preceding calculations have been entirely conventional, using only the universally 

accepted concepts of weighted sums, compounding, and value added, this result may not be 

intuitive for all readers. 

 

Table 2: Mencheroôs Example 2 (Subject to the Constraint of no Active Sector Allocation) 

  Portfolio  

Weight 

 Benchmark 

Weight 

 Portfolio  

Return 

Benchmark 

Return 

Value  

Added 

Period 1      

Large Cap 20.00% 20.00% 0.00% 10.00%  
Mid Cap 20.00% 20.00% 4.00% 4.00%  
Small Cap 60.00% 60.00% -4.00% -4.00%  

Total 100.00% 100.00% -1.60% 0.40% -2.00% 

Period 2      

Large Cap 20.00% 20.00% 6.00% 5.00%  
Mid Cap 30.00% 30.00% 14.00% 14.00%  
Small Cap 50.00% 50.00% 12.00% 12.00%  

Total 100.00% 100.00% 11.40% 11.20% 0.20% 

Period 3      

Large Cap 20.00% 20.00% 10.00% 0.00%  
Mid Cap 30.00% 30.00% 16.00% 16.00%  
Small Cap 50.00% 50.00% 24.00% 24.00%  

Total 100.00% 100.00% 18.80% 16.80% 2.00% 

      

Compounded   30.23% 30.40% -0.18% 

Interpreting These Results As Attribution 
Without changing any of these calculations, one can very easily make them controversial, by 

reconceptualizing them as performance attribution.  Specifically, Table 1 and Table 2 were 

specified so that the only source of active returns was issue selection.  Accordingly, when we 

measure the value added in these examples, we are also implicitly attributing that value added to 

issue selection, since sector allocation (the only other source of active returns) was forbidden. 

 

In other words, Table 1 and Table 2 provide a set of issue selection calculations for Mencheroôs 

Example 1 and Example 2.  In case the reader is troubled by this swift transition into the realm of 

performance attribution, the present paper will later provide a more systematic account of how 

performance attribution calculations work.  This account will clearly explain just how Table 1 and 

Table 2 can properly be considered as attribution calculations. 
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Table 3: Issue Selection Results for Different Methods 

Method Issue Selection  

Example 1 

Issue Selection 

Example 2 

Notional portfolio 0.19% -0.18% 

Logarithmic 0.24% -0.13% 

Optimized 0.24% 0.24% 

 

By rearranging some of Mencheroôs data, we summarize in Table 3 the three-period issue selection 

results for each of the following attribution methods. 

¶ The ñNotional portfolioò method, described by Davies and Laker (2001).  This is the method 

used in Table 1 and Table 2. 

¶ The ñLogarithmicò method, described by Cariño (1999). 

¶ The ñOptimizedò method, described by Menchero (2000). 

 

We will defer a detailed discussion of these results until later in this paper.  However, initial 

inspection reveals some clear differences between the results produced by these three multiperiod 

attribution methods: 

¶ The notional portfolio method produced substantially different results for Example 1 and 

Example 2.  These differences arose due to the effect of compounding on the benchmark. 

¶ The optimized method, in stark contrast, produced identical results for Example 1 and Example 

2. 

¶ The logarithmic method produced results that seem part-way between the optimized results and 

the notional portfolio results. 

 

Since these three different calculations are in wide commercial use, it seems important to establish 

clearly whether the diversity of results reflects a possibility that there simply is no exact answer to 

multiperiod arithmetic attribution, or on the hand, it indicates that investment practitioners need to 

carefully evaluate whether any of these calculations should be preferred over the others.  We return 

later to this theme. 

Value Added in Funds with no Active Issue Selection 
We have already seen what the performance would have been for Mencheroôs two example funds, if 

the investment manager was only allowed to use issue selection bets as a source of added value.  

Now we will look at what the performance of those funds would have been if the investment 

manager was only allowed to use sector allocation as a source of added value. 
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Table 4: Mencheroôs Example 1 (Subject to the Constraint of no Active Issue Selection) 

  Portfolio  

Weight 

 Benchmark 

Weight 

 Portfolio  

Return 

Benchmark 

Return 

Value  

Added 

Period 1      

Large Cap 20.00% 20.00% 10.00% 10.00%  
Mid Cap 50.00% 35.00% 18.00% 18.00%  
Small Cap 30.00% 45.00% 2.00% 2.00%  

Total 100.00% 100.00% 11.60% 9.20% 2.40% 

Period 2      

Large Cap 20.00% 20.00% 5.00% 5.00%  
Mid Cap 40.00% 30.00% 11.50% 11.50%  
Small Cap 40.00% 50.00% 9.50% 9.50%  

Total 100.00% 100.00% 9.40% 9.20% 0.20% 

Period 3      

Large Cap 20.00% 20.00% 0.00% 0.00%  
Mid Cap 50.00% 30.00% 6.50% 6.50%  
Small Cap 30.00% 50.00% 14.50% 14.50%  

Total 100.00% 100.00% 7.60% 9.20% -1.60% 

      

Compounded   31.37% 30.22% 1.15% 
 

Table 4 shows a performance analysis for Mencheroôs Example 1, under the assumption of strictly 

neutral issue selection
2
.  To reflect the assumption that the investment manager could make sector 

allocation bets (but strictly no issue selection bets), we simply hold the portfolio sector returns at 

the same value as the benchmark sector returns.  It is as if the fund was perfectly indexed (with zero 

tracking error) in each asset class.  The portfolio sector weights are the same as in Mencheroôs 

Example 1.  These active sector weights generate a set of portfolio returns that reflect the managerôs 

sector allocation decisions, while the indexed sector returns capture the assumption of no active 

issue selection. 

 

As always, the total level portfolio returns in each single period are simply a weighted sum (using 

the portfolio sector weights) of the sector level portfolio returns.  Also, the single period value 

added is simply the difference between the portfolio return and the benchmark return.  Finally, the 

value added over three periods is simply the difference between the compounded portfolio return 

and the compounded benchmark return. 

 

In this particular case, the compound performance of the benchmark was 30.22%, while the 

compound performance of the portfolio was 31.37%.  Hence, the value added by the active sector 

allocation decisions (with strictly no issue selection) was the difference between these two values, 

positive 1.15%. 

 

Table 5 shows a similar analysis for the Mencheroôs Example 2.  Once again, this analysis measures 

the value added arising from sector allocation, by using the active sector weights but the benchmark 

sector returns.  In each single period, the value added was the same as for Example 1, as shown in 

Table 4.  However, once the returns are compounded out, the value added over three periods is 

positive 1.52%, rather than the positive 1.15% we obtained in Table 4.  This reflects the large 

differences between the benchmark returns in Table 4 and Table 5. 
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Table 5: Mencheroôs Example 2 (Subject to the Constraint of no Active Issue Selection) 

  Portfolio  

Weight 

 Benchmark 

Weight 

 Portfolio  

Return 

Benchmark 

Return 

Value  

Added 

Period 1      

Large Cap 20.00% 20.00% 10.00% 10.00%  

Mid Cap 50.00% 20.00% 4.00% 4.00%  

Small Cap 30.00% 60.00% -4.00% -4.00%  

Total 100.00% 100.00% 2.80% 0.40% 2.40% 

Period 2      

Large Cap 20.00% 20.00% 5.00% 5.00%  
Mid Cap 40.00% 30.00% 14.00% 14.00%  
Small Cap 40.00% 50.00% 12.00% 12.00%  

Total 100.00% 100.00% 11.40% 11.20% 0.20% 

Period 3      

Large Cap 20.00% 20.00% 0.00% 0.00%  

Mid Cap 50.00% 30.00% 16.00% 16.00%  

Small Cap 30.00% 50.00% 24.00% 24.00%  

Total 100.00% 100.00% 15.20% 16.80% -1.60% 

      

Compounded   31.93% 30.40% 1.53% 
 

The value added in Table 4 and Table 5 is attributable entirely to sector allocation bets by the 

investment manager.  As summarized in Table 6, these are the results for the ñnotional portfolioò 

method.  As was the case with issue selection, the three different ways of calculating the attribution 

results produce somewhat different results.  This raises the whole issue of how sector attribution 

works, which we consider in the following section. 

First Principles of Sector Attribution  
Even though there is controversy about how to calculate attributes over multiple periods, there 

seems to be complete agreement over the first principles of sector attribution, and how these 

principles apply to calculating attributes over a single period. 
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Figure 1: Notional Portfolios Described in Brinson et al. (1986). 

The key concept in sector attribution was described
3
 by Brinson et al. (1985) and Brinson et al. 

(1986).  The insight is that, by combining sector weights and returns in different ways, one can 

obtain four different notional portfolio returns, as shown in Figure 1: 

¶ The benchmark return (quadrant I) is obtained using benchmark sector weights and benchmark 

sector returns.  For Mencheroôs Example 1, the benchmark return during period 1 was 9.20% 

(refer Table 1 and Table 4). 
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¶ The active asset allocation fund (quadrant II) is obtained using portfolio sector weights and 

benchmark sector returns.  For Mencheroôs Example 1, it provided a return during period 1 of 

11.60% (refer Table 4). 

¶ The active stock selection fund (quadrant III) is obtained using benchmark sector weights and 

portfolio sector returns.  For Mencheroôs Example 1, it provided a return during period 1 of 

7.20% (refer Table 1). 

¶ The actual portfolio return (quadrant IV) is obtained simply using portfolio sector weights and 

portfolio sector returns.  For Mencheroôs Example 1, the actual portfolio return during period 1 

was 9.60% (refer Table 9). 

 

Equations 1-4 show how one can calculate different components of value added using these 

notional portfolio returns. 

 

Sector Allocation = II ï I [Equation 1] 

Issue Selection = III ï I  [Equation 2] 

Interaction = IV ï III ï II + I [Equation 3] 

Total Value Added = IV ï I [Equation 4] 

 

Applying these principles to Mencheroôs Example 1 in period 1, the results we obtain are: 

¶ Sector Allocation = 11.60% - 9.20% = 2.40% 

¶ Issue Selection = 7.20% - 9.20% = -2.00% 

¶ Interaction = 9.60% - 7.20% - 11.60% + 9.20% = 0% 

¶ Total Value Added = 9.60% - 9.20% = 0.40%  

 

These results for period 1 seem entirely uncontroversial.  They can be found in Menchero (2004), as 

reproduced in Table 9).  Despite the many articles disputing how to calculate attribution over 

multiple periods (including Bonafede et al. 2002, Campisi (2002/2003), Cariño (1999), Kirievsky 

and Kirievsky (2000), Menchero (2000), and Mirabelli (2000/2001) ), nobody seems to disagree 

about how this single period arithmetic calculation should work. 

 

However, the question of how to calculate attribution over multiple periods is extremely 

controversial.  The present author has suggested that the notional portfolio approach applies equally 

for multiple periods (Davies and Laker (2001), Laker(2002)). 

 

Taking Mencheroôs Example 1 over three periods as an example: 

¶ the benchmark return was 30.22% (refer Table 1 and Table 4). 

¶ the active asset allocation return (quadrant II) was 31.37% (refer Table 4). 

¶ The active stock selection return (quadrant III) was 30.41% (refer Table 1). 

¶ The actual portfolio return (quadrant IV) was 31.65% (refer Table 9). 

 

Accordingly, the attribution results for Mencheroôs Example 1 using the notional portfolio method 

(rather than Mencheroôs optimized method) over three periods were: 

¶ Sector Allocation = 31.37% - 30.22% = 1.15% 

¶ Issue Selection = 30.41% - 30.22% = 0.19% 

¶ Interaction = 31.65% - 30.41% - 31.37% + 30.22% = 0.09% 

¶ Total Value Added
4
 = 31.65% - 30.22% = 1.44%  
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Table 6: Sector Allocation Results for Different Methods 

Method Sector Allocation 

Example 1 

Sector Allocation 

Example 2 

Notional portfolio 1.15% 1.53% 

Logarithmic 1.20% 1.57% 

Optimized 1.20% 1.20% 

 

As shown in Table 3 and Table 6, the other methods for calculating attribution over multiple 

periods produce different results.  Why is this?  Essentially, they work by combining value added, 

rather than by compounding returns.  The present author has called the notional portfolio method an 

ñexactò solution (Davies and Laker (2001), Laker (2002)).  This is because there is nothing inexact 

about compounding returns.  The other methods all apply scaling factors to single period attributes 

in order to avoid a residual.  Arguably, they go down the ñblind alleyò of using single period 

components of value added when it would be perfectly adequate just to use return compounding. 

 

Laker (2004) summarizes some of the arguments.  However, for the benefit of people who have 

read Menchero (2004), the remaining sections of this paper respond specifically to issues raised by 

Menchero. 

Metric Preservation 
One of the ideas suggested by Menchero was ñmetric preservationò.  As Menchero explains, ñTwo 

periods that have identical relative performance should contribute equally to relative performance 

when they are linked togetherò
5
.   This seems to exclude benchmark returns as an independent 

source of differences in multiple-period results.  For instance, in Table 3 and Table 6, one can see 

that the Optimized method produced the same attribution results, even though the benchmark 

returns were very different in these cases. 

 

Take Table 1 and Table 2 as two different examples where the value added in each single period is 

the same, but the benchmark returns are very different.  The solution for value added over three 

periods in Table 1 and Table 2 is simply a matter of applying the well-known principle of 

compounding.  Assuming that the principle of compounding is not in doubt, surely the only basis 

for objecting to Table 1 and Table 2 as providing the correct solution for issue selection over three 

periods would be if one rejected the notion that sector attribution is fundamentally about comparing 

the performance of different notional portfolios. However, Figure 1 and Equations 1-4 show clearly 

that sector attribution is indeed defined as a process of comparing the returns of different notional 

portfolios.  Since portfolio returns are compoundable, isnôt it perfectly reasonable to use 

compounding to calculate the value added in Table 1 and Table 2? 

 

Apparently not, if one accepts Mencheroôs idea of ñmetric preservationò.  

 

Examining Table 2, the value added by issue selection in each period is exactly the same as in Table 

1.  However, the benchmark returns are very different.  As we saw earlier, it is in the very nature of 

compounding that the compound value added may very well be different if the benchmark returns 

are substantially different.  Indeed, that is what Table 2 shows (the compound value added is minus 

18 bps instead of positive 19 bps in the previous example).  However, Mencheroôs optimized 

method is specifically designed so that the compound value added depends only on value added in 

each period (regardless of the benchmark returns).  Hence, Menchero says the answer is positive 24 

bps, just as in the previous example.  Indeed, he goes on to say: ñBy construction, however, [the 

linking] coefficients assuredly have the minimum possible deviation from the natural scaling and, 

therefore, mathematically represent the most accurate residual-free solution.ò
6
  This seems to mean 

that Menchero considers it a decisive advantage of the optimized method that it calculates the same 

value-added attributable to issue selection in Example 1 and Example 2, while other methods do not 

(refer back to Table 3 for the comparison).  However, Table 1 and Table 2 show precisely how, 
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according to the arithmetic of compounding, the multiple-period value added by issue selection will 

naturally vary in different examples that use different benchmark returns, even if the single-period 

value added numbers in those examples are identical. 

 

To summarize this issue, the compounding calculations shown in Table 1 and Table 2 seem to be 

inconsistent with the idea of ñmetric preservationò as explained in Mencheroôs calculations.  The 

key question seems to be this: If the principle of metric preservation is inconsistent with the 

principle of compounding, which principle should be sacrificed first? 

Interaction  
Another key difference between different multiperiod attribution methods is how they deal with 

interaction.  This can be a point of confusion, because many people have a strong preference for not 

seeing an interaction term in attribution reports.  There are many ways to get rid of the interaction 

term.  Fundamentally, they involve adding it to issue selection, adding it to sector allocation, or 

somehow distributing it between the two.   

 

However, the issue of whether to get rid of the interaction term is completely separate from the 

issue of how one should calculate it (assuming that one does want to see it separately).  

Accordingly, the following discussion about how to calculate the interaction term is not to be 

confused with the practical question of whether one should display interaction separately. 

 

According to the first principles of sector attribution (Figure 1 and Equations 1-4), value-added is 

divided into three separate categories: 

1. issue selection; 

2. sector allocation; and 

3. interaction, which reflects the combined effect of the previous two terms. 

 

Interaction is fundamentally different from the other terms.  Issue selection measures the value 

added by selecting individual securities within sectors.  Sector allocation measures the value added 

by overweighting or underweighting different sectors.  But interaction does not measure the effect 

of any single decision: rather, it measures the extra value arising from the combined effect of issue 

selection and sector allocation.   

 

For a discussion of the interaction term, see Laker (2000). 

 

Mencheroôs two examples both involved zero interaction within each single period.  However, does 

that mean that the total interaction term should necessarily be zero over three combined periods?  

This is in fact a key point of difference between the notional portfolio method and all other 

methods.  Because other methods work essentially by geometrically scaling single period attributes 

in order to eliminate a residual, they will never generate a non-zero interaction term if the single 

period interaction terms are all zero.  In contrast, the notional portfolio method indeed generates 9 

bps of interaction for both Example 1 and Example 2 over three periods. 

 

Table 7: Summary of Attribution Results for Example 1 

Method Sector 

Allocation 

Issue 

Selection 

Interaction Total Value 

Added 

Notional portfolio 1.15% 0.19% 0.09% 1.44% 

Logarithmic 1.20% 0.24% 0.00% 1.44% 

Optimized 1.20% 0.24% 0.00% 1.44% 

 

Let us consider a simple example portfolio over two periods: 

¶ The benchmark returns were zero, and the portfolio returns were 10% in each period.   

¶ In the first period, the value added was all attributable to issue selection.   
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¶ In the second period, the value added was all attributable to sector allocation. 

   

Clearly, then, there was 10% added from issue selection, and 10% added from sector allocation.  

But what happens when we compound these two periods?  The 10% value added from asset 

allocation compounds with the 10% value added from issue selection to create 1% of additional 

total return attributable to the interaction between asset allocation and issue selection.  This shows 

without any doubt that there can easily be a non-zero interaction term over multiple periods, even 

when none of the single periods contains a non-zero interaction term.  Issue selection and sector 

allocation can produce an interaction term either by their simultaneous operation (i.e. within a 

single period), or by being compounded together across different periods.  This is a fairly self-

evident principle, once one reflects upon it.  A world in which this principle did not apply would be 

reminiscent of the Zen proverb, ñThe stone falls into the pond, but makes no ripples.ò 

 

This is the same principle that generates 9 bps of interaction in Example 1 and Example 2. 

 

Banchik (2004/5) shows that indeed active strategies in different periods do indeed lead to what he 

describes as ñInter-Period-Effect-Interaction (IPEI)ò
7
.  This is another way of saying that interaction 

can arise from the compounding of periods, not just within a single period.  As he goes on to state, 

ñé the multi-period Brinson or the Notional Portfolio method accumulates only pure effects for 

Selection and Interaction, and includes all IPEI effects in the multi-period interaction effect.ò
8
  

Under Banchikôs paradigm, the notional portfolio method assigns all the ñpureò issue selection to 

issue selection, all the ñpureò sector allocation to sector allocation, and all the Inter-Period-Effect-

Interaction (plus the ñpureò interaction arising from single periods) to the interaction term.
9
  

Banchikôs only quibble with the notional portfolio method seems to be that it combines more than 

one kind of interaction (ñpureò interaction and Inter-Period-Effect-Interaction) in a single 

interaction term.  If that is the worst defect in the notional portfolio method, perhaps it has no 

defects that need fixing.  

 

Table 8: Summary of Attribution Results for Example 2 

Method Sector 

Allocation 

Issue 

Selection 

Interaction Total Value 

Added 

Notional portfolio 1.53% -0.18% 0.09% 1.44% 

Logarithmic 1.57% -0.13% 0.00% 1.44% 

Optimized 1.20% 0.24% 0.00% 1.44% 

 

Table 7 summarizes the results for Example 1, while Table 8 summarizes the results for Example 2.  

In both cases, the notional portfolio method shows 9 bps of interaction over the combined periods, 

while the other methods show zero interaction.  Menchero writes, ñthe 9 bps of interaction effect 

was not caused by any active management decision but, rather, by an artifact of the linking 

algorithm.  This simple example shows that the compounded notional portfolio method does not 

produce an exact solution to multiperiod attribution even at the fund level.ò
10

  This statement seems 

to reflect an assumption that interaction can only arise within a single period, and not by the 

combined effect of active bets in different periods.   

 

Interaction is the combined effect of two other decisions (sector allocation and issue selection), 

rather than being an independent decision itself.  Saying that it was ñnot caused by any active 

management decisionò avoids the crucial point: this interaction was generated by the effect of 

different sector allocation and issue selection decisions in different periods compounding together 

to create an additional component of the compound value added, just as we considered a moment 

ago.  As Banchik observes, ñThe simple reason is that of compounding. é When there are multiple 

types of effect, for example Selection and Allocation, each type of effect compounds with each 

other type, creating an Interaction which cannot be clearly attributed to either category.ò
11
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When you reflect on the attribution results for either portfolio, it actually quite implausible to 

suggest that there would have been no interaction whatsoever between the large sector allocation 

bets and the large issue selection bets.  For example, in Example 1, the issue selection effect was 

minus 2.0% in Period 1, and positive 2.0% in Period 3.  The sector allocation effect was positive 

2.40% in Period 1, and minus 1.60% in Period 3.  In the light of the simple two-period example 

discussed a moment ago, it seems clear that compounding these periods together will generate some 

interaction. 

 

Menchero writes at some length on this topic of interaction.  For example, he states, ñThe manager 

actively decided every period not to add value through the interaction effect.  The only meaningful 

result, therefore, is that the interaction effect must be exactly zero.ò
12

  The first sentence in this 

quotation demands careful scrutiny.  Do investment managers ever take active investment decisions 

about minimizing an interaction term?  This is an empirical question, but the present authorôs 

experience suggests that they donôt do this: indeed, they would likely regard it as a completely 

absurd investment objective.  The reason why this idea is absurd is that interaction is not an 

investment decision: it is the combined effect of two other decisions (issue selection and asset 

allocation).  As we have seen, even if the interaction term in each single period is zero, one is still 

highly likely to obtain a non-zero interaction term over multiple periods (providing there have been 

active bets in both issue selection and sector allocation).  It would therefore by quite misguided for 

an investment manager to expect that there would be no interaction whatsoever over multiple 

periods in examples like these. 

 

Once again, Menchero asks, ñDid the portfolio manager add value through the interaction effect 

over the three periods?ò
13

  This way of posing the question carries with it the suggestion that 

interaction is something that an investment manager can directly control, which is not the case.  The 

investment manager has direct control over issue selection and sector allocation: over time, 

however, these separate effects will interact together.  It would simply be muddled thinking to 

suggest that interaction is a direct management effect, rather than the combined effect of sector 

allocation and issue selection. 

 

The results produced for interaction in these examples show that there are very clear differences 

between the notional portfolio method (which relies on the principle of compounding returns) and 

the other methods (which rely on geometrically scaling the single period numbers for value added).  

It is hard to see how one could accept the principle of compounding, yet also reject the notional 

portfolio method. 

 

The next section raises one reason why ï from a practical standpoint ï  the notional portfolio 

method does not solve everybodyôs problems in one fell swoop. 

Sector-Level Attributes  
Menchero writes, ñé I will address another serious limitation of the compounded notional portfolio 

method.  Although the method provides a means to link attribution effects at the fund level, it does 

not provide a way to link at the sector level (i.e. it is not fully linkable).ò
14

  There seem to be three 

possible points of confusion in this statement: 

 

¶ Firstly, it would be easy for confusion to arise between how the notional portfolio method 

ñlink[s] attribution effects at the fund levelò, and the way that other methods link attribution 

effects.  The other methods all take single period value added numbers, and then combine them 

using a set of scaling factors to ensure that no residual remains.  In complete contrast, the 

notional portfolio method is an exact compounding calculation, using returns for the notional 

portfolios defined in Figure 1.  It compounds returns, rather than attempting to somehow link 

attribution effects.  The phrase ñlink[ing] attribution effectsò is not applicable to the notional 

portfolio method. 
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¶ Secondly, before considering whether the notional portfolio method leaves open a path for 

calculating sector-level attributes, we need to first consider which multiperiod method produces 

the total-level results that best accord with the principle of compounding. 

 

¶ Thirdly, saying that the notional portfolio method is ñnot fully linkableò suggests that somehow 

it places some obstacle in the road of obtaining reasonable values for sector level attributes.  

This is not the case.  There is no in-principle difficulty with using exact compounding to obtain 

the total-level solution, then using some kind of approximation to obtain the sector level 

solution. This could be implemented quite easily in a software package. 

 

The obvious question is ñwhich sector level solution?ò  This is pretty much a case of ñDamned 

if you do, damned if you donôtò.  In other words, if we advocate one specific sector level 

solution, people may be inclined to object to that particular method.  But on the other hand, if 

we leave the question open, people may be inclined to suggest that there is no solution.  

Menchero seems to argue both of these ways.  On the one hand, he complains that one kind of 

solution we have suggested was ñan ad hoc smoothing algorithm é [and that such algorithms] 

are unstable, however, and often produce misleading resultsò
15

.  But on the other hand, his 

statement that the total-level solution ñis not fully linkableò seems to suggest that it somehow 

prevents one from obtaining sector level results.  As Frongello put it, ña serious shortcoming of 

the multi-period Brinson model is that it is incapable of calculating sector level results.ò
16

  By 

the very nature of the problem, it seems quite unlikely that there will be universal agreement on 

any particular method for approximating sector level attributes.  However, this does not seem to 

be a sufficient reason for discarding an exact total level solution. 

Conclusion 
This paper considers the same examples that Menchero discusses, but it comes to very different 

conclusions.   

 

Sector attribution works by comparing the performance of different notional portfolios, as shown in 

Figure 1 and Equations 1-4.  Since portfolio returns are compoundable, one can exactly calculate 

total-level attributes over multiple periods, simply by compounding the notional portfolio returns. 

 

Mencheroôs approach to calculating attributes over multiple periods conflicts with the principle of 

compounding, in several ways.  The results it produces are quite different from the results produced 

by compounding.  Moreover, the principle of metric preservation seems inconsistent with one 

particular property of compounding.  Specifically, this is the property that the multiperiod value-

added arising from x basis points of added value in a single period, depends on the benchmark 

returns in each period. 

 

Menchero also treats interaction (which arises from a combined effect of issue selection and sector 

allocation) as if it was a separately controllable management effect.  We suggest that, due to the 

nature of compounding, it is possible for interaction to be non-zero over multiple periods, even 

when it is zero in each single period.  This is a clear difference between the notional portfolio 

method for calculating multiple performance attribution, and all the other methods. 

 

There is no need to resort to approximations when calculating total-level attributes over multiple 

periods.  However, approximations are necessary when calculating sector-level attributes.  The 

question of how to calculate sector-level attributes does not have to be confused with the question 

of what the correct value is for total-level attributes.  We leave the choice of a method for 

calculating sector-level attributes as an open question. 

 

There are numerous methods for calculating total-level arithmetic attribution over multiple periods, 

all of which give different results (see Table 7 and Table 8).  One might therefore be inclined to 

infer that there is no exact solution to this problem.  However, we suggest that this problem has a 
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single exact solution, just as compounding returns is also an exact calculation.  This idea potentially 

has big implications for the theory and practice of performance attribution. 
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Appendix 1: Mencheroôs Example 1 
Table 9 shows Mencheroôs Example 1, with the compound portfolio and benchmark returns added 

at the bottom.  Table 1 and Table 4 show exactly the same example, with one important difference 

in each case: 

 

¶ Table 1 modifies the example so that sector allocation is excluded as a source of active 

returns.  In other words, the active return comes solely from issue selection.  Conceptually, 

this simply means that the portfolio weight for each sector is held equal to the benchmark 

sector weight (this reflects neutral asset allocation), while the portfolio sector returns remain 

unaltered (this reflects active issue selection).  On a mechanical level, the total-level portfolio 

returns in Table 1 are a weighted sum of the portfolio sector returns and the benchmark sector 

weights.  This calculation reflects what the total portfolio return would have been if the only 

source of active returns in the portfolio was issue selection.  One can verify this by 

comparing the total-level portfolio returns in Table 9 and Table 1.  In each period, the total-

level portfolio return in Table 1 is equal to the total-level portfolio return in Table 9, less the 

total-level sector allocation effect in Table 9. 

 

¶ Table 4 modifies the example so that issue selection is excluded as a source of active returns.  

This means that the only source of active returns in Table 4 is asset allocation.  This is 

achieved by holding the sector-level portfolio weights equal to the sector-level benchmark 

weights, then recalculating the total-level portfolio returns accordingly.  To verify this, notice 

that the total-level portfolio return in Table 4 is equal in each period to the total-level 

portfolio return in Table 9, less the total-level issue selection effect in Table 9. 

 

Instead of doing attribution on Table 1 and Table 4, we simply compare the total-level portfolio 

returns and benchmark returns in each case.  Since the only source of active returns in Table 1 is 

issue selection, we consider the active return to be attributable to asset allocation (where else could 

the active return have come from?)  Similarly, by comparing the total-level portfolio and 

benchmark returns in Table 4, we consider that it is possible to measure the effect of asset 

allocation. 

 

Table 9: Mencheroôs Example 1 (active sector allocation and active issue selection) 

  Portfolio  

Weight 

Bench 

Weight 

 Portfolio  

Return 

Bench 

Return 

Sector 

Allocation 

Issue 

Selection 

Inter- 

action  

Active 

Contribution 

Period 1         

Large Cap 20.00% 20.00% 0.00% 10.00% 0.00% -2.00% 0.00% -2.00% 

Mid Cap 50.00% 35.00% 18.00% 18.00% 1.32% 0.00% 0.00% 1.32% 

Small Cap 30.00% 45.00% 2.00% 2.00% 1.08% 0.00% 0.00% 1.08% 

Total 100.00% 100.00% 9.60% 9.20% 2.40% -2.00% 0.00% 0.40% 

Period 2         
Large Cap 20.00% 20.00% 6.00% 5.00% 0.00% 0.20% 0.00% 0.20% 

Mid Cap 40.00% 30.00% 11.50% 11.50% 0.23% 0.00% 0.00% 0.23% 

Small Cap 40.00% 50.00% 9.50% 9.50% -0.03% 0.00% 0.00% -0.03% 

Total 100.00% 100.00% 9.60% 9.20% 0.20% 0.20% 0.00% 0.40% 

Period 3         
Large Cap 20.00% 20.00% 10.00% 0.00% 0.00% 2.00% 0.00% 2.00% 

Mid Cap 50.00% 30.00% 6.50% 6.50% -0.54% 0.00% 0.00% -0.54% 

Small Cap 30.00% 50.00% 14.50% 14.50% -1.06% 0.00% 0.00% -1.06% 

Total 100.00% 100.00% 9.60% 9.20% -1.60% 2.00% 0.00% 0.40% 

         
Compounded   31.65% 30.22%     
 




