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There has recently been a proliferation of articles about multiple-period performance attribution.
This paper argues that calculating fund-level attributes over multiple periods in additive models
such as the Brinson model is a relatively straight-forward process with a demonstrably exact
solution. While approximate methods are still necessary for calculating sector-level attributes, this
paper suggests that the comparison of different approximate methods should have regard to the
existence of an exact solution at the fund level.

Introduction

Multiple-period performance attribution is atopic of great relevance to performance anaysts. After
al, an attribution report that covers only one day or one month is not likely to give a reasonable
picture of afund manager’s skill or management style. On the other hand, methods which attempt
to use single period formulae over a number of months or even years tend to “over smooth” results
and indeed may not identify significant asset alocation effects. It seems desirable to find an
attribution method that calculates attributes using a short base frequency (such as one day), then
combines them over a more meaningful reporting period (such as one year), to give the best
available information regarding manager skill.

Multiple-period attribution can also be a difficult topic. However, we wish to suggest that it is not
nearly as difficult as some recent publications' have made it appear.

In brief, we wish to demonstrate that:

e atthefund level, thereis an exact method for calculating attributes over multiple periods in the
Brinson model;

e this method flows naturally from the definition of the Brinson model that appears in Brinson et
al. (1986) and Brinson et al. (1991);

e while multiple-period Brinson attribution has an exact solution at the fund level, it does not
have one at the sector level;

e and hencethat it is useful to separate discussion of fund-level attribution (for which there is an
exact solution) from discussion of sector-level attribution (for which there is not an exact
solution).

Basic Tools: Compounding, Value-Added, Weighted Sums

To sart with, we can lay a basis for the method by recapitulating three elementary concepts in
performance measurement: compounding, value added, and weighted sums.

Compounding is a calculation method for combining returns over consecutive periods. Discrete
returns can be expressed as a continuously compounding “force” of interest. The net force of
interest over a number of discrete periods is the sum of the individual period forces. This is
equivalent to compounding the discrete returns’. For example, if an asset returns 10% over two
consecutive periods, the cumulative return is 21% (rather than the 20% that a naive person might
expect).
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Vaue-added is an intuitive way to compare two different returns, simply by doing subtraction. For
example, if afund returns 10% when the benchmark return was 5%, one would say that the value-
added by the fund manager was 5%°.

Weighted sums are the mainstay of attribution calculations. For example, if the benchmark weights
for two sectors in a fund are 60% and 40%, one caculates the fund-level benchmark return as

(60%x12)+(40%x r2), where r° and r” are the benchmark returns for sectors 1 and 2
respectively.

These three concepts — compounding, value-added, and weighted sums — are all that one needs to
calculate multiple-period attributes at the fund level in a Brinson attribution.

The Exact Multi-Period Solution

Over the years, many different people have built on the foundation laid by Brinson and Fachler
(1985). (It is worth noting in passing that the approach laid out by Brinson and Fachler was not
new and that at least one paper written in the early seventies proposes a framework very similar to
the one we now recognize as the Brinson method *.)

The Brinson model is based on a simple diagram that has been reproduced and adapted in many
different forms over the years. Table 1 in this paper combines features of Tables 1 and 2 from
Brinson et al. (1986), with afew minor changes in terminology. The formulain each quadrant is a
weighttzi5 sum, and this is the most complicated math required for calculating exact fund-level
attributes’.

Table 1: Notional Portfolios Described in Brinson et al. (1986).

Portfolio Benchmark
Sector Returns Sector Returns

(V) )
Portfolio Active Asset
Allocation Fund

ZWJP Ty Zwip'rjb
J J

Portfolio
Sector
Weights

[Un) ()]
Active Stock Benchmark
Selection Fund

Yol | S

Benchmark
Sector
Weights

In essence, this diagram conceptudizes a portfolio and its benchmark in terms of weights and
returns. By choosing between portfolio sector returns or benchmark sector returns (on the
horizontal axis) and between portfolio sector weights and benchmark sector weights (on the vertical
axis), one can caculate four different returns. The Roman numerals in each square provide
Brinson’s original naming scheme for these returns.

Portfolio | has the benchmark return, while Portfolio IV has the portfolio return. In a sense,
performance analysts view these as “real” returns, since performance analysts spend most of their
time dealing with portfolio and benchmark returns.

Portfolios Il and Il are hybrid creatures, inter-mingling benchmark sector returns with portfolio
sector weights, and portfolio sector returns with benchmark sector weights. Some possible
interpretations of these returns appear in the diagram®.
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Thereturns for Portfolio |1 are generated by combining the portfolio weight for each sector with the
benchmark return in each sector. It is easy to see how this captures a “pure” contribution from
active asset allocation, since the assumption of benchmark sector returns means that effectively no
stock selection is happening.

Similarly, the returns for Portfolio 111 are generated by holding each sector at benchmark weight,
but using the “rea” portfolio returns in each sector. This capturesa“pure”’ contribution from active
stock selection, since the asset alocation for this notional portfolio isstrictly neutral.

It is convenient to refer to Portfolios | to IV genericaly as “notiona portfolios’, even though
Portfolio 1V happens to coincide with the portfolio we are attributing, and Portfolio | corresponds to
the benchmark.

As Brinson et al. (1986) observed, the fund-level attributes are simply a function of the four
notional portfolio returns, as shown in Table 2.

Table 2: Fund Level Attributes Derived in Brinson et al. (1986)

Attribute Equation Single Period Algebraic Result
Derived From
Tablel
Asset Allocation = InN—I= p b b _ p b b
Z(Wj —W; )er = Z(Wj _V\}j))x (rj rh.) | W
) )
Stock Selection = Mn-1= p b 2
ZW? X (rj =T ) (2]
)
Interaction = IV -ll-=ll+1= b b
Z (ij —W; )x (rjp =T ) [3]
)
Total Value Added = vV -—Il= (P _ b [4]
total total

The interpretations are fairly intuitive:

o Asset Allocation is the extent to which the “Active Asset Allocation Fund” varies from the
benchmark;

e Stock Selection is measured by the extent to which the “Active Stock Selection Fund” varies
from the benchmark; and

e Interaction is the remaining portion of the value-added, combining as it does contributions from
active stock selection and active asset allocation.

These notional portfolios provide an exact solution for the multiple-period fund-level attributes’. In
other words, to calculate exact fund-level attributes over any number of periods, one simply needs
to compound the returns for each notional portfolio, and then apply the rules shown in the 2™
column of Table 2. Over the multiple period, this will provide exact fund-level attributes without
the need for scaling factors and without generating any residual. Thus, as claimed at the start of this
paper, this method simply uses the three elementary concepts of compounding, value-added, and
weighted sums.
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Mathematically, the approach we are advocating for the time period t to t+nis shown in Appendix
l.

The attraction of using this approach is that it solves the multiple period problem through
application of the “first principles’ logic which has made Brinson such a widely used attribution
methodology. There is no doubt that a fund manger could construct portfolios according to the
rules for notional portfolios Il and 111. The returns of these portfolios would compound up over
time. In this example, the only attribute of manager skill which would differentiate the returns of
portfolio I11, say, and the benchmark over the multiple period would be the active stock selection in
portfolio I1l. A similar argument can be made for the calculation of the Asset Allocation attribute.

We hasten to add that this is not a novel discovery. It was noted by Kirievsky and Kirie'\/sky8
(2000), by Davieset al. (1997), and Davies (1997). It is by no means clear how many unpublished
works have taken this view of the issue (more or less explicitly) over the years. Anecdotaly, the
authors are aware of anumber of people in investment management and from actuarial backgrounds
who regard this principle as self-evident. We believe that this is because the method is ssimple,
logical and based entirely on the first principles of Brinson attribution in Table 1 and equations [1]
through [4] (without relying on any approximations or simplifying assumptions). As noted
previoudy, Brinson et al. (1986) does not actually introduce new concepts but rather builds a
rigorous framework around existing material. Perhaps the material we are covering in this paper is
of similar ilk.

Upon re-examining Brinson et al. (1986) and subsequent publications, it does not seem clear
whether the authors intended to apply the notional portfolios to solving the multiple-period
attribution problem. However, the body of literature on multiple-period attribution has been
curioudly silent about the idea that the notiona portfolios can yield an exact solution for the fund-
level attributes over any period. Kirievsky and Kirievsky (2000) described exactly the approach
discussed in this paper, and they characterized this as “a natural extension of the classical formulas
for the single period time interval”. We do not disagree with this statement, but we prefer to “look
through the other end of the telescope”, and suggest that the classical formulas are but the single-
period case of a broader framework: the notional portfolios. We prefer to characterize it this way,
since the notional portfolios (combined with equations [1] through [4]) provide an exact solution for
the fund-level attributes over any period. The case where the number of periods is equal to one
merely happens to be the case on which most writers have focused.

Sector Level Solution for Single and Multi Periods

The well known equations for sector level attributes (Carifio 1999 p.7) for a single period case can
be easily derived from equations [1] to [3] by considering only terms involving each sector. For the
sake of completeness, Table 3 presents equations [9] through [11] which show the sector-level
attributes for sector k.

Table 3: Sector Level Attribution Formulae Derived From the Brinson Framework for Sector k

Attribute Single Period Algebraic Result

Asset Allocation = aa, = (Wkp Y )x (rkb _rb ) [9]
Stock Selection = ss, =W x (rkp —rb ) [10]
Interaction = ia, = (Wkp —w )x (rkp _ rkb) [11]

Note that equation [9] uses the second version of equation [1], since the first version does not yield
asector-level attribute with an intuitive interpretation”.

The intuition behind these resultsis very simple:
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e For asset alocation, the attribute will be positive when the fund is overweight a sector whose
benchmark return exceeds the tota benchmark return, or underweight a sector whose
benchmark return is less than the total benchmark return. Otherwise, the attribute will be
negative.

e For stock selection, a portfolio sector return greater than that of the sector benchmark will lead
to a positive outcome. A sector return smaller than that of the sector benchmark will produce a
negative stock selection resullt.

e The intuition for interaction is perhaps less clear, but consider an example where an asset
allocator determines to over weight a sector and the stock selector in that sector under performs.
The interaction between the two decisions will be a negative to fund performance. In practice,
it is sometimes difficult to decide who owns the interaction term, however it is a genuine and
unavoidable portfolio effect and should be considered as a separate attribute (Laker 2000).

While this framework is not only intuitive but mathematically precise in the single period case,
things quickly become unmanageable when we look at the problem of combining periods. To take
the example of two periods for the Stock Selection attribute, equation [6] (see Appendix 1) suggests
that our answer should be as follows:

(t.t+2) SStota = (1*' Z (t,t+1)\N?X(t,t+l) r,-p] X (1+ Z (t+1,t+2)vvtj)x(t+],t+2) rij
j j

- (l‘f' z (tr+2) W?x(t,t+1) rjb] x (1+ z (I+lt+2)V\fJ')X(t+]..t+2) rij
i j

[12]

If we consider terms only involving sector kin the above expression we get:

(t.t+2) Sk :(t,t+1)WIE X ((t|t+1)rkp T(t+) rkb)
b
+(t+1,t+2)\NE X ((t+Lt+2) rkp_(t+1,t+ 2) N ) [13]

b b b
et Wk X(t+l,t+2)V\}I: x [(t,t+1) rkpx(t+1,t+2) re ~e.t41) Tk X(t1te2) T ]
+ Cross Product of termsinvolving sector k and other sectors

So, the attribute does not resolve into an intuitive equation in terms of one sector only such as in
equation [10]. The problem will only get worse as we perform these calculations over a period
encompassing further single periods.

This outcome should not surprise us. Sources of value-added in the first single period combine to
give the total fund value at the start of the second. Other sources of value-added will then operate
on this new fund value in the second period. Effects in the second and subsequent periods will
therefore inherit effects from previous periods from multiple sources. There is no simple way
around such problems. Carifio (1999), Menchero (2000), and Mirabelli (2000/2001) have all
attacked this problem from different directions.

Terminology: What Does “Exact” Mean?

When we say that the notional portfolios yield “exact” fund-level attributes over multiple periods,

we mean two things:

1. Theattributes sum exactly to the value-added; and

2. None of the attributes contains any residuals or adjustments. In other words, the stock selection
attribute demonstrably only contains stock selection effects, the asset alocation attribute
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demonstrably only contains asset allocation effects, and the interaction attribute demonstrably
only contains effects that are due to the simultaneous operation of asset allocation and stock
selection.

The first of these points is mathematicaly provable. The second is demonstrated by the fact that
the multiple-period fund-level attributes (calculated using the method we advocate) flow directly
from the notional portfoliosin Table 1 that define Brinson attribution.

Some sources (e.g. Davies et al. 1997) describe attributions that meet criterion 1 as “collectively
exhaustive’.

Another source (Mirabelli 2000/2001) describes attributions that meet criterion 1 as “exact”, while
attributions that fail to meet criterion 2 are described as*“ad hoc” (Mirabelli 2001).

It seems unlikely (at least in the short term) that there will be universal agreement on terminology

for discussing multiple-period attribution. However, it will at least help if each statement on the
topic makesit clear what it means by terms such as “ exact”.

Example Using Carifio’s Numbers

Carifio (1999) considered the case where a portfolio experienced three consecutive periods where
the weights and returns were as shown in Table 4.

Table 4: Inputs to the Attribution (from Carifio 1999).

Portfolio Benchmark
Weight Return | Weight Return

Equities 70%  7.00% 60%  8.00%

Bonds 20%  7.50% 40%  6.00%
Cash 10%  6.00% 0%  5.00%
Total 100%  7.00% 100%  7.20%

Table 4 aready shows the returns for notional portfolio | (benchmark) and notional portfolio IV
(the actual portfalio). The return for notional portfalio Il (the “ Active Asset Allocation Fund”) was
7.30%, while the return for notiona portfolio 111 (the “Active Stock Selection Fund”) was 7.00%.
Table 5 summarizes the notional portfolio returns for asingle period and for three periods™:

Table 5: Returns for Notional Portfolios over One Period and Three Periods..

| 1 1l v
Benchmark Active TAA Active Selection Portfolio
b b p b b p p p
ij 1) ij 1) ij T ij T,
j j j i
Single Period 7.200% 7.300% 7.200% 7.000%
Three Periods 23.193% 23.538% 23.193% 22.504%

By applying equations [1] through [4] (which, remember, come directly from Brinson et al. (1986)),
we can obtain exact answers for the fund-level attributes over a single period or multiple periods.
In Table 6, we show the three-period results using this method, together with Carifio’s results for
the sake of comparison.
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Table 6: Exact Fund Level Attributes Compared with Carifio’s Attributes.

Allocation Selection Interaction Total
Three Periods (Exact) 0.345% 0.000% -1.033% -0.688%
Three Periods (Carifio) 0.344% 0.000% -1.032% -0.688%
Difference 0.001% nil -0.001% nil

It is abundantly clear that, for this example, the differences between the results are negligible.
However, the calculation that uses the notional portfolios exactly explains the active return over any
period without the need to calculate a series of scaling factors that will make the attributes sum
exactly to the active return. In this sense, the calculation using notional portfolios is both
conceptually simpler and more closely-connected with the core concepts that motivate the Brinson
model. Indeed, since the notiona portfolios are the very definition of the Brinson model, we argue

that methods such as Carifio’ s provide approximate values for the fund-level attributes when in fact
an exact solution is available.

Comparison with Other Methods

Recently, Menchero (2000) and Mirabelli (2000/2001) have proposed methods for which they claim
certain advantages. Specifically, Menchero claims that his approach is “optimized” so that it
“minimizes the distortion that arises from overweighting certain periods relative to others’ (p. 41).
Mirabelli claims that his method is “exact, smply additive, timely, natural, easily visualized, and
general”. Without commenting on the merits of these claims, we argue that &l of these properties
must take alower importance than the prime goal of the Brinson model: measuring the value-added
by asset allocation, stock selection, and interaction. Therefore, we compare their results with those
produced by the method that we propose.

Mirabelli (p.66) provides some results for his method using the numbers provided in Carifio (1999).

Table 7: Exact Fund-level Attributes Compared with Mirabelli's Attributes

Allocation Selection Interaction Total
Three Periods (Exact) 0.345% 0.000% -1.033% -0.688%
Three Periods (Mirabelli) 0.322% -0.045% -0.965% -0.688%
Difference 0.023% 0.045% -0.068% nil

These results differ from the exact results by a much wider margin than Carifio’s do. Hence, based
on this particular example, Carifio’s method appears to offer greater accuracy than Mirabelli’ s does.

Turning to Menchero’'s method, it presents the interaction term and the stock selection term as one

combined attribute. Menchero does not present a comparison using Carifio’'s numbers, so we will
instead use the example presented in Menchero (2000) at p. 42.

Table 8: Exact Fund-Level Attributes Compared with Menchero's Attributes

Allocation Selection Total
Six Periods (Exact) 15.48% 9.59% 25.06%
Six Periods (Menchero) 12.54% 12.52% 25.06%
Difference 2.93% -2.94% nil

These differences are considerable. To provide a point of comparison with Carifio’s method, Table
9 compares the results from Carifio’ s method (as cal culated by Menchero) on this same example.
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Table 9: Exact Fund Level Attributes Compared with Carifio’s Attributes

Allocation Selection Total
Six Periods (Exact) 15.48% 9.59% 25.06%
Six Periods (Carifio) 14.18% 10.88% 25.06%
Difference 1.30% -1.29% nil

Once again, Carifio’s method contains less error than the alternative method. On the basis of this
example, Carifio’s method would appear more accurate.

Unresolved | ssues

While the authors personaly know a number of people who regard this method for obtaining
multiple-period fund level attributes as well-established, a number of published articles on the topic
(e.g. Carifio 1999, Menchero 2000, Mirabelli 2000/2001) do not seem to recognize this. In our
view, it is no more controversial to claim that equations [1] through [3] provide exact Brinson
attributes over multiple periods than to claim that equation [4] holds over multiple periods (i.e. that
the value-added over multiple periods is the compounded portfolio return less the compounded
benchmark return). It will be interesting to see whether performance attribution practitioners can
reach consensus on thisissue.

There is also the question of how to calculate sector-level attributes over multiple periods. Thisis
an important question that we do not address in this paper™. It is conceivable that, for the sake of
obtaining reasonable sector-level attributes, one might choose to use Carifio’'s method rather than
the one presented here, despite the small loss of accuracy that one would experience with regard to
the fund-level attributes.

However, we do suggest that one criterion to use in evaluating a method for obtaining sector-level
attributes is that these attributes should be reasonably consistent with the exact fund level attributes.
On the basis of the examples in this paper, Carifio’s method would appear to be more accurate than
the methods proposed by Mirabelli and Menchero.

Finally, we suggest that, if the performance attribution community accepts that the method
proposed in this paper is indeed the exact solution to multiple-period Brinson attribution, it would
be helpful to evaluate the accuracy of other proposed methods by using simulation rather than by
using only one or two carefully selected examples. This would yield useful information about the
statistical properties of the errorsin different methods.

Appendix |

Table Al: Brinson Style Multi-period Fund Level Attribution Formulae
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Attribute Derivation From | Multi-period Algebraic Result
Tablel
Asset Allocation = InN-1= n-1 A
H 1+ z (t+i t+i+1) ij ><(t-*—i,H—i-*—l) rj
i=0 j
n-1 b b
_H 1+ Z (t+i t+i+1) Wj ><(t-*—i,t-*—i-*—l) rj
i=0 j
Stock Selection = I -I= n-
1+ Z (t+i t+|+1)W ><(t+| t+i+1) rjp
i=0 j

H |:1+ z (t+i t+i +1 X (tei t+ivd) rJb:|
i=0

Interaction = IV—-Il-1+1= n-1
1+ Z (t+i t+|+1 t+|,t+i+l)rjp
i=
n1[ 7
_H 1+ Z (t+i t+i +1 t+| t+i+1) r]p
i:O
n-1[ b_
p
_H 1+ z (t+i t+i+1) Wj ><(t+i,t+i+1)rj
i=0 j _
n-1 b b
+ 1+ z (t+i t+i+) Wj X (t+i,t+i+l)rj
i=0 | i
Total ValueAdded= | IV -1 = n-1 ) n-1 X
H b“" (t+i t+i+1) Fiotal ]_ H b—"' (t+i t+i+2) Fiotal ]
i=0 i=0
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% There are many references covering this point. See, for example; Donald, DWA, “Compound Interest and

Annuities Certain” , Heinemann (1981).

® Another often used approach is to compute the rate which, when compounded with the benchmark return,

would yield the fund return. In the example given, this would yield a value added of 4.8%. This could be

described as calculating the “geometric value added”. In practice, simple subtraction is a first order

approximation to the geometric result, so the two methods will yield similar answers. An argument can be

made that simple subtraction is a more intuitive approach (unless one is an actuary!).

* This paper is “The Measurement of Portfolio Performance for Pension Funds’ by the Working Group of the

Saciety of Investment Analysts (UK), first published in 1972. This paper introduces the idea of calculating

the returns of a “Partially Restrained Fund” (i.e. the return of a fund invested using portfolio weights and

index returns) in order to calculate stock selection and asset allocation effectsin a balanced fund. The method

is directly analogous to that proposed by Brinson, and although not explicitly laid out in the paper (which

focuses on quarterly calculation of results) the extension to handling multiple periodsis implicit.

® We have adopted the following notation in formulae presented in this paper:

1. “w referstoaweight.

2. “r” refersto areturn.

3. Superscript “p” refersto a portfolio characteristic.

4. Superscript “b” refersto abenchmark characteristic.

5. Subscript “j” refersto investment sector j. Subscript “total” means the total portfolio or benchmark.

6. Timeisreferred to by a subscript preceding the weight or return and is always presented as two numbers
separated by acommain brackets. For example, the period (t,t+n) means the period from the end of time
t to the end of timet+n, so that if time were being measured in days this notation would represent n days.
A preceding subscript used with a weight means the weight applicable in the calculation for that time
period i.e. no inference is made about how the weight is calculated e.g. start of period, end of period,
average etc.

For example, the notation ((Wn) wf ~(t ,t+n)WIE )x ((t f4n) rkb—(l,Hn)rtgta, ) means “the difference between

portfolio and benchmark weights for sector k multiplied by the difference between the benchmark return of
sector k and that of the total portfolio, all measured in the time period (t,t+n)” .

® We have used different termi nology than Brinson et al. originally used, in the hope of conveying the point
more clearly to a contemporary readership. However, we do not intend to alter the meaning in any way.

" Assuming of course that the data is internally consistent! As Carifio (1999) observes, “internal consistency
is[...] anontrivia requirement” (p. 6). If the sum product of portfolio weights and returns and benchmark
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weights and returns does not equal the total portfolio return and total benchmark return respectively, then the
attribution will not exactly explain the active return over asingle, yet alone multiple period.

8 Kirievsky and Kirievsky also propose a sector level solution. Sector level attribution is beyond the scope of
this present paper.

® Both forms of equation [1] produce the same fund-level attribute. The first form flows clearly from the
“first principles’ definition of the Brinson model in Table 1. However, only the second form produces a
sector-level Asset Allocation attribute that is positive if (and only if) the fund is overweight in a sector that
outperforms the benchmark, or underweight in a sector that under -performs the benchmark. The fact that this
necessary redefinition of the sector-level Asset Allocation attribute was not mentioned in Brinson et al.
(1986) or Brinson et al. (1991) demonstrates that those papers defined only fund-level attributes. In similar
fashion, we consider it useful to focus first on the exact fund-level multi-period solution, before attempting to
deal with sector-level attributes over multiple periods.

19 The notional portfolio returns over three periods are obtained simply by compounding the single-period
returns.

1 For the sake of clarity, this paper is confined to the method for calculating exact fund-level attributes,
which we regard as uncontroversial. In a subsequent paper, we will deal with the relationship between
approximate sector-level attributes and exact fund-level attributes. In practice, we use the exact fund-level
attributes in our method for calculating approximate sector-level attributes, but we consider that it would be
unhelpful to deal with approximationsin the present paper.
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