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Introduction
In the Spring 2002 issue of this publication, there were two papers about multiperiod attribution
(one by Andrew Frongello, and one by Dave Spaulding). Neither of them referred to the material in
Davies and Laker (2001). The purpose of this note is to make some connections between these
three papers, in the hope of clarifying some issues.

5 X 8 = 39?
I would like to start by highlighting one aspect of Davies and Laker (2001) that, in retrospect, may
not have been stated as clearly and prominently as it should have been. The multi-period attribution
method described in that paper uses the notional portfolios that were defined as the first principles
of attribution by the Society of Investment Analysts (1972), and by Brinson et al. (1985, 1986,
1991)1. As the paper states, “… [S]ince the notional portfolios are the very definition of the
Brinson model, we argue that methods such as Cariño’s provide approximate values for the fund-
level attributes when in fact an exact solution is available2”.

Perhaps that sentence was not as strongly-worded as it could have been. Putting it more plainly, the
point is that the method described in Davies and Laker (2001) is based directly on the first
principles of the Brinson model, and it produces exact attributes at the total level over multiple
periods. If this is correct, it follows that there is one correct method for calculating multiple period
attributes at the total level. Since the methods proposed by Cariño (1999), Menchero (2000),
Mirabelli (2000/2001) and Frongello (2002) all yield results that don’t match the results from the
exact method, then these methods all produce incorrect results. By “incorrect”, I mean specifically
that they give results that are approximations to the correct answer, when no approximation is
necessary.

To use an example, if the question was “What is five multiplied by eight?”, the answers “thirty-
nine” and “forty-one” are not correct, even though they are much better approximations than the
kind of wild guess that a child would make (e.g. “fifty million”). It is demonstrable (using the
axioms of integer arithmetic) that the correct answer is forty. There is no need to entertain
approximate solutions when there is a simple method for calculating the exact answer. I suggest
that there is also demonstrably a single exact answer to the problem of calculating multiple-period
attributes at the total level in the Brinson model3. This single exact answer flows directly from the
axioms of the Brinson model (with the help of the universally-accepted principle that portfolio
returns compound over time).

To show that “5 X 8 = 39” is not an over-dramatization, Figure 1 compares the exact results with
the results from other methods, using the numbers Frongello presents in his Figure 7. Assuming
that one accepts – at least for the sake of argument – the principle that the exact solution is as
unambiguous as 5 X 8 = 40, one can see that in this example, the error introduced by the other
methods is in fact much worse than 5 X 8 = 39.
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interaction effects). When one subtracts the benchmark return from the quadrant II return, one
obtains a “pure” measure of the extent to which asset allocation decisions have added value relative
to the benchmark – whether the calculation is over one period or multiple periods.

The procedure for calculating stock selection (or maybe separate stock selection and interaction
terms) operates similarly. If one chose to calculate stock selection and interaction separately, one
would obtain 136.4965% for stock selection, and –74.5211% for interaction. If one chose to
combine these terms as a single stock selection attribute, it would be 61.9755%.

In short, the exact method uses the same equations for calculating total level attributes, whether
over a single period or multiple periods. The only difference is that the returns for each quadrant
are compounded over time. Since the equations used in this method are part of the first principles
for the Brinson model, it seems impossible to avoid the conclusion that this is unambiguously by
definition the correct way to calculate total level attributes over multiple periods. It follows that, to
the extent that any other method produces a different answer, that method is wrong (just as a
method for calculating 5 X 8 is wrong if it produces an answer other than 40).

In the next section, we discuss how the results of this method compare with the results that
Frongello presents for his and several other methods.

Checking The Results
As Figure 1 shows, the other methods all produce results which are dramatically different from
those produced by the exact method. Busy performance attribution practitioners can be excused if
they find the profusion of different methods confusing. What independent criteria can they use for
deciding between methods?

I argue that one clear criterion is the fact that the exact method flows directly from the first
principles of the Brinson model without introducing any approximations or smoothing. This is a
powerful theoretical criterion. Indeed, I suggest that the burden of proof lies on those who would
advocate accepting any total level multiple period attribution results that differ from those produced
by the exact method.

However, there are also more practical criteria that one can use, based on examples.

For example, for the numbers shown in Figure 3, the single-period asset allocation attributes are
minus 4.00% in period 1, minus 0.50% in period 2, and 34.00% in period 3. The exact method
shows that the exact asset allocation over all three periods was 27.01%. The other methods all
produce results that are considerably above 34%. If asset allocation subtracted value from the fund
in the first two periods, and added 34% in period 3, how can one possibly justify the conclusion that
asset allocation added substantially more than 34% over all three periods? I invite advocates of all
the other methods to answer this specific question.

Naïve Compounding and Interaction
As Cariño observed6, and others have subsequently confirmed, it is not mathematically justifiable to
simply compound attributes over time (I call this “naïve compounding”) in the hope that the
compounded results will provide an exact explanation of the value added over time.

However, for examples that fall within typical ranges, naïve compounding may well indeed provide
a first-order approximation to the multiple period results7. For example, if one naïvely compounded
the sector level asset allocation attributes and then summed them to fund level, the answer would be
28.69%, which is in fact very close to the exact answer (27.01%).

Frongello (2002) calculated and presented stock selection inclusive of the interaction term (i.e. by
using the portfolio weight rather than the benchmark weight). If one compounds these single-
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Appendix: Sector-Level Attributes
This appendix shows how one can use the proposed method to obtain exact fund-level attributes,
and then use the scaling method of one’s choice to obtain sector-level attributes that agree with the
exact fund-level attributes. The scaling method shown here is an adaptation of the method shown in
Cariño (1999), but other methods would be equally applicable.

As originally presented, Cariño’s method works by scaling each single period’s attributes into a
logarithmic form. These logarithmic attributes are summed over time. Then, at the end of the
calculation, one computes a factor k whose value is such that, when these summed logarithmic
attributes are divided by k, the total of the attributes agrees exactly with the value added.

It takes little work to adapt this calculation so that, instead of scaling all three (or two) attributes
together so they sum to the value added, one does separate calculations for asset allocation, stock
selection, and interaction (if one considers this term separately).
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Table 2: Weights and Returns from Cariño (1999)

One Period Portfolio
Weight

Portfolio
Return

Benchmark
Weight

Benchmark
Return

Equities 70% 7.00% 60% 8.00%
Bonds 20% 7.50% 40% 6.00%
Cash 10% 6.00% 0% 5.00%
Total 100% 7.00% 100% 7.20%

Table 3: Single Period Attribution Results from Cariño (1999)

One Period Asset
Allocation

Stock
Selection

Interaction Total

Equities 0.080% -0.600% -0.100% -0.620%
Bonds 0.240% 0.600% -0.300% 0.540%
Cash -0.220% 0.000% 0.100% -0.120%
Total 0.100% 0.000% -0.300% -0.200%

1 See Figure 2 in the present document for the definition of these notional portfolios.
2 Davies and Laker (2001), p. 17.
3 In fairness to the other methods for multiple period attribution, they do automatically provide sector-level
attributes along with the (incorrect) total level attributes. As Davies and Laker conceded, “It is conceivable
that, for the sake of obtaining reasonable sector-level attributes, one might choose to use Cariño’s method
rather than the one presented here, despite the small loss of accuracy that one would experience with regard to
the fund-level attributes.” (p. 19).
4 Note: Some people choose to add the interaction term into stock selection. This method works just as well
regardless of whether one chooses to do this.
5 To assist the reader, a spreadsheet containing the data and calculations is available at
http://www.ipoglobal.biz/Reflections.xls.
6 Cariño (1999) p. 5.
7 I am grateful to Owen Davies, who provided me with some algebra that supports this claim. The algebra
appeared in Laker (2001). I will not attempt any rigorous proof in this paper. This is a completely separate
issue from the exact multiple-period method.
8 It is important to note that my claim that naïve compounding provides a first order approximation is limited
to typical values for the returns and weights. The example Frongello provides in his Figure 7 is somewhat
beyond the limits of typical values, and therefore the approximation does not work as well as it normally
does.
9 Laker (2000).
10 Some algebra to show why this is the case appeared in Laker (2001).
11 The definition in this paper comes from Davies (1997) and Davies et al. (1997).
12 As an example of reversing the order of periods, if one had done an attribution over three periods, reversing
the periods would simply mean swapping the numbers for period 1 and period 3.
13 Spaulding (2002), p.32.
14 Note: the exact method compounds returns, not attributes. While compounding attributes is at best only
justifiable as an approximation, compounding returns is of course universally accepted.
15 See for example Cariño (1999) p. 6, Spaulding (2002) p. 32, Frongello (2002) pp. 11-12. Menchero (2000)
p. 38 considers it important to scale the sector-level attributes using factors that are calculated in order to
weight each period as evenly as possible.


